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SCOPE 

Simplifying approximations are often made when designing a 
distributed-parameter filter for real-time implementation. Early 
lumping is one simplifying approximation that is commonly 
employed. Lumping (spatial discretization) is a process that 
must occur at some point during filter development so that the 
equations can be programmed for digital computation. Lumping 
can occur at several points in the filter development. The earlier 
that lumping occurs, the more simplifying the effect. At one 
extreme, early lumping involves discretizing the state model 
partial differential equations and approximating them as a 
system of ordinary differential equations. Application of optimal 
filtering theory to the system of ordinary differential equations 
results in a lumped Kalman filter that approximates the 
distributed-parameter filter. This is in contrast to late lumping, at 
the other extreme, where the full distributed-parameter filter 
partial differential equations are derived before they are lumped 
for numerical computation. 

Advantages of early lumping include being able to use simpler 
theoretical and numerical methods for filter design and 
implementation. Also, the early lumped filtering algorithm 
requires less computation for filter equation solution, so less 
computer resources are used when on-line. The early lumping 
approximation does have negative consequences, however. 

In this work, we present a side-by-side comparison of early 
lumping vs. late lumping as applied to the least-squares filtering 
of linear distributed-parameter systems. This investigation 
includes a general theoretical formalization that is applicable to 
such lumping methods as finite differencing, eigenfunction 
expansion, orthogonal collocation, and Galerkin’s method. The 
results of the theoretical investigation are illustrated by means of 
two numerical examples. The first example considers the optimal 
estimation of dynamic temperature distributions in a heated bar. 
The second example considers the optimal estimation of dynamic 
particle-size distributions (PSD) in a fluidized bed. 

CONCLUSIONS AND SIGNIFICANCE 

The early lumping approximation results in a loss in the spatial 
noise correlation that is associated with distributed-parameter 
systems. This spatial noise correlation is preserved in the 
late-lumped distributed filter. 

In a spatially correlated system, an occurrence at one location 
will directly affect neighboring locations. The early lumping 
approximation causes a loss of spatial correlation that is reflected 
in the theoretical development in that the spatially discrete 
covariance matrices, Q(t), R( t), and Po, can be partitioned into 
diagonal forms. Each submatrix along the diagonal of these 
partitioned matrices contains covariance information that is 
particular to a specific spatial location. It is the off-diagonal 
elements that provide the direct mathematical communication 
between neighboringlocations in the spatial domain. The lack of 
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these elements in the early-lumped approximation filter means 
that a poor state model prediction, a bad measurement, or a poor 
initial estimate at one location will not be directly accounted for 
in the optimal estimate computations of neighboring locations. 
The late-lumped distributed filter retains the covariance matrices 
as full matrices, providing the mathematical communication 
necessary for spatial correlation. 

The loss in spatial correlation from early lumping is manifested 
in the numerical examples by a slower convergence rate relative to 
the late-lumped distributed filter when starting from a poor a 
picni initial estimate. The loss is also reflected in that the 
early-lumped filter does not track system dynamics as well as the 
late-lumped filter when burdened with a poor dynamic model. 
The early-lumped approximation does result in a filter form that 
requires less computation to solve, however, and this can be an 
important consideration in the real-time implementation of 
linear distributed-parameter filters. 
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INTRODUCTION 

Real-time implementation of optimal distributed-parameter 
(DP) filters can be extremely challenging. One reason is that 
considerable expertise is required to apply optimal filtering 
theory to the complex state models that often arise in the 
mathematical description of DP systems. Sophisticated 
numerical techniques are then required to obtain rapid and 
accurate solutions to the resulting filter algorithms. Another 
reason is a mechanical consideration: the filtering algorithm 
computational burden cannot exceed the computer speed or 
memory size. Computer system limitations often require a 
careful and clever filter design. A final reason is a practical 
consideration: not all applications require that the full 
complexity of the distributed system be included in the filter for it 
to perform satisfactorily. For some or all of these reasons, 
simplifying approximations are made by many investigators 
when attempting a DP filter implementation. 

Lumping (spatial discretization) is a process that must occur at 
some point during the filter derivation so that the filter equations 
can be programmed on a digital computer. Lumping can occur at 
several points in the filter development. The earlier it occurs, the 
more simplifjmg the effect. Early lumping , at one extreme, is a 
commonly employed simplifying approximation. Early lumping 
involves discretizing the state model partial differential equations 
and approximating them as a system of ordinary differential 
equations. Application of optimal estimation theory to the system 
of ordinary differential equations results in a lumped K h a n  
filter that serves as an approximation to the linear DP filter. This is 
in contrast to late lumping, at the other extreme, where the full 
DP filter partial differential equations are derived before they are 
lumped for numerical computation. 

One advantage of early lumping is that the application of 
lumped Kalman filtering theory is relatively straightforward. 
Another advantage is that a system of lumped filter ordinary 
differential equations can be solved more readily in real time. A 
disadvantage of early lumping, however, is a loss in the spatial 
noise correlation associated with distributed systems. This loss 
can negatively affect filter performance. 

In this work, we present a side-by-side comparison of early 
lumping with late lumping when applied to the least-squares 
filtering of linear DP systems. This investigation includes a 
theoretical development of the two filters that is general to such 
lumping methods as finite differencing, eigenfunction expansion, 
orthogonal collocation, and Galerkin’s method. The results of the 
theoretical investigation are illustrated by two numerical 
examples. The first example considers the optimal estimation of 
dynamic temperature distributions in a heated bar. The second 
example considers the optimal estimation of dynamic 
particle-size distributions (PSD) in a fluidized bed. 

Background 

A number of papers have discussed lumping as applied to DP 
filtering theory and have summarized some of the more popular 
lumping methods (Van den Bosch, 1978; Ray, 1981; Seidman, 
1982). These and other investigators (e.g., Koda and Seinfeld, 
1978; Lausterer et al., 1978) are in general agreement that by 
delaying the lumping process for as long as possible, the 
distributed nature of the system is best preserved. There has been 
little published, however, that formalizes the difference between 
early vs. late lumping as applied to the filtering of linear DP 
systems, or that investigates the character and extent of such 
approximations on filter performance. 

The lumping methods that are found most often in the 
literature for the implementation of linear DP filters include 
finite differencing, eigenfunction expansion, orthogonal 
collocation, and Galerkin’s method. Finite differencing has been 

used for many years, and is probably the most straightforward of 
the above methods to apply. It is not a very efficient technique to 
use, however, and this can be important if computer resources are 
limited. Sage (1968) presents a good general development of finite 
differencing as a tool for both early lumping and late lumping as 
applied to linear DP filtering theory, There are many examples 
found in the literature of both early- and late-lumped filter 
implementation using finite differencing, including the work of 
Collins and Khatri (1969), Desalu et al. (1974), Koda and 
Seinfeld (1978), Koda (1979), Kitamura and Taniguchi (1981), 
Ramirez (1982), and Cooper and Clough (1985). 

More efficient lumping methods, such as the weighted residual 
methods, are becoming increasingly popular. Lumping via a 
weighted residual method involves expanding the solution of the 
partial differential equation as a set of known basis functions, 
*.,(Y), i.e., 

N 

4 Y J )  = CWWY) (1) 
i -  1 

The problem is then to determine the coefficients a,(t) that yield 
the best approximation to the solution based on some 
goodness-of-fit criterion. Also required is to determine the 
number of terms, N ,  that must be retained in the series 
approximation to obtain a satisfactory solution. It is important to 
note that increasing the number of terms, N,  generally increases 
solution accuracy and always increases solution computation 
load. 

There are three methods of weighted residuals that appear 
often in the literature for the implementation of linear DP filters. 
These methods are eigenfunction expansion, orthogonal 
collocation, and Galerkin’s method. The difference between 
these methods lies in the choice of the basis function used for 
solution approximation. Finlayson (1972) and Villadsen and 
Michelsen (1978) have written textbooks on weighted residual 
methods for differential equation solution. Ray (1981) has 
included a section in his textbook that presents a good overview of 
weighted residual methods as applied to DP filtering theory. 
There are many examples in the literature of both early- and 
late-lumped implementation of linear DP filters using a weighted 
residual method. Some examples of filter implementation using 
eigenfunction expansion include the works of Ajinkya (1975), 
Ajinkya et al. (1975), Lausterer et al. (1978), Lausterer and Ray 
(1979), and Omatu and Seinfeld (1981). Some examples of filter 
implementation using orthogonal collocation include the works 
of Seinfeld and Chen (1971), Tanner (1972), Viskanta et al. 
(1975), Van den Bosch (1978), Clement et al. (1980), and 
Sorensen et al. (1980). Some examples of filter implementation 
using Galerkin’s method include the works of Prabhu and 
McCausland (1972), Polis et al. (1973), Orner et al. (1975), It0 et 
al. (1978), andYoshimura and Campo (1982). 

In this work, we formalize the differences between early 
lumping and late lumping. The theoretical development will not 
be general to all lumping methods; rather, it will be specific to 
approximations methods that reduce the state equation to the 
form: 

i(t) = A(t)x(t) + B(t) (2) 
Where x(t) is a vector of spatially discrete states r(y,t), and A(t )  is 
a lumped spatial-derivative approximation operator. Finite 
differencing, eigenfunction expansion, orthogonal collocation, 
and Galerkin’s method all fit this requirement. 

We begin the investigation by outlining the derivation of a 
general optimal linear DP filter and the lumping of the resulting 
filter partial differential equations (late lumping). Next, the 
general distributed state model is lumped, and the derivation of a 
lumped Kalman filter is outlined (early lumping). The matrix 

AlChE Journal (Vol. 32, No. 2) February, 1986 Page 187 



forms of the final filtering algorithms for both cases are then 
compared. The side-by-side comparison of the theoretical results 
gives the reader an intuitive appreciation for the differences 
between the early-lumped approximation filter and the 
late-lumped distributed filter. We conclude with numerical 
examples that illustrate the difference in filter performance for 
the two cases, along with a discussion of the work. 

THEORETICAL DEVELOPMENT 

Late Lumping 

Let Q be a bounded open set in Euclidean N-space with any 
point in f? denoted as y = (yl, . . . ,yN). Let t denote time on the 
fixed interval [to,tf]. We consider the general linear distributed 
parameter (DP) system described by: 

(4) 

and A, is a well-posed linear spatial-differential operator. z(y,t) is 
the measured output of the system state and M(y,t) is a linear dis- 
tributed modeling operator that describes the relationship be- 
tween the system state and the measured output. x(y,t,)is the ini- 
tial state of the system and is unknown, and xo(y) is an a priori 
estimate of the initial state. 

The variables u(y,t) and u(y,t) are Gaussian-distributed, zero- 
mean noise vectors representing the uncertainties in the state 
model and the measured output model, respectively. Both are as- 
sumed to be white in time and to have covariance matrices of the 
form 

E[u(y,t)uT(y',7)l = Q(y,y',t)6(t- 7) (54 
(5b) 

-. 
E[u(y, t)u '(Y', .)I = R(y,y', tP(t - 7) 

and with a cross covariance of zero (uncorrelated). The a priori 
initial state estimate xo(y) has a covariance matrix of the form: 

E[x,(y)x,T(y 31 = Po(Y,Y 3 (6) 
The optimal filtered estimate is obtained by minimizing the qua- 
dratic least-squares error criterion: 

J = f I I [x(y,tJ -~~Y)I'~O-'(Y~Y') [dy',to) - ~ ~ Y ' W Y ' ~ Y  
n R '  

The problem, to minimize J subject to the conditions expressed in 
Eq. 3a-c, is treated via the calculus of variations by introducing a 
Lagrange multiplier function and considering the augmented 
functional: 

Jaug = J + f X(y, t )  [ - dp(y, t)] dydt 

As detailed in the literature (Sage, 1968; Meditch, 1971; Tzafa- 
tas, 1978), if a solution of the form: 

x h J ) =  lR P(Y,Y'J)wy',t)dY' + X ( Y A  (9) 

is assumed for the relevant Euler-Lagrange equations and associ- 
ated transversality conditions, the following pair of simultaneous 
linear DP filter equations results: 

M(y", t)P(y",y', t)dy ' "dy " (lob) 
where x(y, t) is the optimal state estimate and P(y,y', t) = P(y',y, t). 

The linear DP filter equations are lumped by discretizing the 
spatially continuous variables at N spatial locations, and approxi- 
mating the spatial-differential state operator at each n = 1, ..., N 
as: 

N 

JA,x(yn,t) = xAh,,y,)x(y, ,t)  (1 1) 
1 - 1  

If N process measurements are made at the N spatial locations, 
the linear DP filter is described at each n by the ordinary differen- 
tial equations: 

dynt) = xA(ywyJX(yi,t) 

+ c c P(Y", !A, t )  R - ' (Y ,,Y I7 t)[4Y1, t )  - W Y  , 4 X ( Y , ,  t)l 

i'(Yn,yk,t) = xA(yn,!dP(%Yk,t) + 

N 

r=l 

N N  

(124 
1 = 1 J = 1  

N 

r = l  

N 

xA(yk,yt)P(Ymyt,t) + Q(Yn,Yk,t) 
I =  1 

N N  

- I: c P(yn4Lt) M ( y , , t )  R - (Yl&t) W Y , ,  ~)P(Yr3 Yk, t) (12b) 
I -  1/= 1 

with the initial conditions: 

X(Y",tO) = xo(y,) (124 

P(y",yk>to) = PO(Y.,Yt) (124 
wheren,k = 1 ,..., N .  

ing the discretized optimal estimate vector: 
These equations can be expressed in matrix notation by defin- 

Similarly appropriate definitions for the other discretized varia- 
bles result in the late-lumped linear DP filter matrix representa- 
tion: 
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Early Lumping 

When the system state is lumped using the approximation de- 
fined in Eq. 11, the linear DP system described by Eqs. 3a-c is ap- 
proximated at each n with the ordinary differential equations: 

N 

k(y,,t) = ~A(Y, ,YMY,,~)  + ~ ( y d )  

Z(Y",t) = M(Y"J)X(Y"J) + V(Y"4) 

x(y,,to) = XdY") + 4Y"J")  

(154 

(15b) 

(154 

1 =1 

where n = 1 ,. . , ,N. The lumped least-squares error criterion 
for this early lumping is: 

N 1  J = zi[x(y,,to) - X,(YJI~ Pi'(yoyJ[X(yi,tJ - xo(y,)I 
i- 1 

Where P;'(Y,,Y,), R-'(Y,,Y,J), and Q-'(y,,y,,t) are nxn matrices 
that contain covariance information for the n independent varia- 
bles at spatial location y8. The discrete covariance matrix, Pi',  
can be partitioned into the NxN diagonal matrix form: 

0 

With similar definitions for the other discrete covariance matri- 
ces, Eq. 16 can be expressed in matrix notation as: 

Minimization of J via the calculus of variations yields the classi- 
cal lumped Kalman filter, expressed in matrix form as: 

X(t) - Ax(t) + Pft)RG,'&)[z(t) - M ( t ) x ( t ) l  (194 

with 

X ( t 0 )  = xu 

Comparison of Matrix Forms 

A comparison of Eqs. 14 and 19, the matrix forms for the late- 
lumpted distributed filter and the early-lumped approximation 
filter, respectively, allows for an appreciation of the information 
lost by early lumping. The filter algorithms have identical form, 
yet the early-lumped approximation filter has spatially discrete 
model and measurement noise covariance matrices that are speci- 
fied as diagonal; i.e., Q(t) and R(t) are reduced to Qd&) and 
R,,,(t) respectively. Also, the initial condition on the spatially dis- 
cretestateerrorcovariancematrixisspecified asdiagonal, i.e., Po 
is reduced to 

We can appreciate intuitively that when considering a distrib- 
uted system, a poor state model prediction, a bad measurement, 
or a poor initial estimate at one location will affect the optimal 
state estimate of neighboring locations. The early-lumped ap- 
proximation does not directly account for this phenomenon be- 
cause it lacks the off-diagonal terms of the covariance matrices 
that provide the mathematical communication between neigh- 
boring spatial locations. This loss in communication results in a 
loss in the spatial noise correlation associated with distributed sys- 
tems. A loss in spatial correlation means that the early-lumped 
approximation filter, working with less information, cannot per- 
form as well as the late-lumped distributed filter in many cases. 
This is borne out in the examples that follow. 

This theoretical result has implications for current work. Many 
investigators have applied late lumping to the full DP filter partial 
differential equations with the intent of preserving the distrib- 
uted nature of the system for as long as possible. Upon implemen- 
tation, however, any who then define the covariance matrices 
Q(t ) ,  R(t), and PO with diagonal forms have specified numerical 
conditions that reduce their late-lumped distributed filter to the 
form of an early-lumped approximation filter. 

NUMERICAL EXAMPLES 

Temperature Distribution in a Bar 

Lumped via Orthogonal Collocation. Consider an insulated 
bar with an initial temperature distribution +(y,ru) = 1.0 and 
with ends that are maintained such that the boundary conditions 
are +(0,7) = +(1,7) = 0.0. With suitable assumptions, the di- 
mensionless linear distributed system can be described as: 

4 Y ,  7)  = W Y ,  7)4J(Y, 7) + V(Y> 7)  (20b) 
+(Y,7g)=6o(Y~+u(Y,70) (204 

Orthogonal collocation is used as the lumping method for both 
early and late lumping in this example. The second-spatial deriv- 
ative is approximated as: 

where B, the matrix representation for B(y,, yi), is the second-de- 
rivative orthogonal collocation operator using the shifted Legen- 

AlChE Journal (Vol. 32, No. 2) February, 1986 Page 189 



dre polynomial series as the basis function (Finlayson, 1972; Vil- 
ladsen and Michelsen, 1978). The first Seven terms of the series 
accurately describe the solution to the partial differential equa- 
tions. Therefore, there are only nine (seven internal collocation 
points plus two end points) discrete computation nodes needed to 
describe the solution for this example, i.e., N = 9 and B is a 9 x 9 
symmetric matrix. 

The discretized measurement vector, z(T), contains an individ- 
ual temperature measurement for each of the nine spatially dis- 
crete collocation points. For simplicity, we assume that the mea- 
surements are made in the same units as t$(~) at each time step. 
Thus, the discretized modeling matrix, M, is an identity matrix. 
We simulate the measurements by adding random noise to a 
model of the true system state. 

It is most physically realistic to assume that random noise in a 
measurement signal at one location does not cause noise in neigh- 
boring measurement signals; that is, to assume that there is no 
spatial correlation among the discrete measurements. Therefore, 
the discretized covariance matrix, R(T), is diagonal in the late- 
lumped filter as well as the early-lumped filter for this example. 
As derived in the Theoretical Development section, however, we 
do consider that there is spatial correlation associated with the 
state model and the a priori state estimate and assume it can be 
described as an exponential spatial decay. The above assumptions 
lead to late-lumped covariance matrices for this example of the 
form: 

Q(y,,yk,7) =dye-I~n-ykl (224 

we assigned the initial state error covariance matrix the relatively 
large value of d p  = 0.25. Both the state model and noisy mea- 
surements were considered to be equally accurate and assigned 
values of d, = d, = 0.01 reflect this. 

Figure 1 illustrates the behavior of the early-lumped and late- 
lumped optimal estimates as they rise to converge with the true 
state, which is itself experiencing dynamics as it falls toward zero. 
This figure illustrates the system for dimensionless times 
7 = 0.01 and T - 0.03, respedively. Although the optimal esti- 
mates and the true state are shown as spatially continuous in these 
figures, note that these are lumped computations made at only 
nine spatial locations. The nine noisy measurements used for 
these computations, located at the nine collocation points, are de- 
picted on the figures as 0's. Orthogonal collocation interpolation, 
as described in Finlayson (1972), was used to compute the contin- 
uous true state from the discrete values. 

As illustrated in these figures, the convergence rate of the late- 
lumped distributed filter is superior to that of the early-lumped 
approximation filter as they converge on the true state. Figure 2 
shows the history of the noisy measurement and the optimal esti- 
mates at the mid-point of the bar, y = 0.5. This figure further il- 
lustrates that the late-lumped optimal estimate does a superior 

(dimensionless) T = 0.01 0 

O'Meosurement 
0.8 

and early-lumped matrices of the form: 

gdiag(Yn,Yn,T) = d, (234 

Rdiag(Yn>Yn,T) = dR (23b) 

PO,diag(Yn,Yn)= d p  (234 

where n,k = 1, . . , , 9 and all off-diagonal elements of the di- 
agonal matrices are zero. Because temperature is the only inde- 
pendent variable in this example, d,, dR, and d, are scalars, not 
partitioned submatrices. In theory, these variables represent the 
variance from the true value due to the Gaussian-distributed, 
zero-mean noise associated with the state model, the measured 
output, and the a priori state estimate, respectively. In practice, 
these variables are assigned values based on the investigators' con- 
fidence in the relative accuracy of these terms. 

Numerous off-line studies were made to compare the perfor- 
mance of the early-lumped approximation filter to the late- 
lumped distributed filter. The studies involved comparing con- 
vergence rate and tracking ability fur different values for the vari- 
ables d,, d,, and dp. For many of the cases, the two filters yielded 
optimal estimates that were within a few percent of each other. 
This was especially true for cases where d, was assigned very 
small values relative to d,, indicating an accurate state model rel- 
ative to the measurements. In no case did the early-lumped ap- 
proximation filter perform better than the late-lumped filter. 

One study in which the latelumped filter performed signifi- 
cantly better than the early-lumped filter relates to the rate of 
convergence of the optimal estimate to the true state when start- 
ing from a poor a priori estimate 40. As stated previously, the true 
state of the bar is initially at a temperature t$(y,O) = 1.0. The 
fact that the endpoints are maintained at ~ ( O , T )  = d ( 1 , ~ )  
= 0.0 causes the temperature distribution in the bar to fall in a 
parabolic shape toward @ ( y , m )  = 0.0. In this particular study, 
however, we assigned a value of t$o = 0.50 as the a priori state es- 
timates for both filters. To reflect this very poor initial estimate, 

i 

g 1.2 I I I I 

p 1.0- 

a 
e T = 0.03 
a2 (dimensionless) 

b c 

F 

0 0.2  0.4 0.6 0.8 1.0 
Distance, y (dimensionless) 

Figure 1. Temperature distribution in bar. 
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a n  
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0 0.05 0.10 0.15 0.20 

Figure 2. Temperature history of bar at point y = 0.5. 
Time, T (dimensionless) 

job in convergingfrom the poor initial condition toward the noisy 
measurements, which are zero-mean distributed around the true 
state. 

PSD in a Fluidized Bed 

Lumped uia Finite Difference. PSD (particle-size distribution) 
is a parameter of fundamental importance to the performance 
and operation of fluidized beds. In this example, we consider the 
optimal estimation of PSD as it changes with time in a fluidized 
bed. In a solids processing fluidized bed (Levenspiel et al., 1968; 
Weimer and Clough, 1980), a diagram of which is shown in Fig- 
ure 3, fresh particles of known PSD, p,(r), are fed at a constant 
rate to a fluidized bed with a ED,  pb(r,r). They are discharged ei- 
ther by an overflow pipe or by entrainment via the fluidization 
gas. Considering the case where no reaction is occumng, and un- 
der the assumption of constant bed density and volume, the fol- 
lowing general relation can be derived for spherical particles of 
radius r for 0 < r 5 A,,,: 

with the requirement that at all times, the probability density 
function ph(r,t) be normalized such that: 

pC(r,t)dr= 1.0 (25) 

The form of the dynamic model can be recast by assuming an 
attrition mechanism in which tiny fragments are worn or 
abraded off the particles, are immediately carried overhead (elu- 
triated), and are not considered as part of the solids population, 
1.e.: 

(2) - kr 

With a further assumption that the fragments abraded off the 
spherical particles are the only particles elutriated, and that they 
immediately leave the system and are not considered as part of the 

Fluidizing 
Gas 

Figure 3. Fluidized bed, schematic diagram. 

particle population (Levenspiel et al., 1968), Eq. 26 leads to the 
mass balance: 

F , =  F,, - 3kw (27) 

We also specify that the fluidization velocity is high enough (ap- 
proximately three times minimum fluidization or greater) such 
that: 

Substitution of Eqs. 26,27, and 28 into Eq. 24 leads to the general 
form of the dimemionless linear fluidized bed dynamic model: 

where 

(33) 

Finite differencing is used as the lumping method for both 
early and late lumping in this example. The fluidized bed PSD, 
p,,(r,r), is approximated as a vector of 50 discrete states, each at a 
specific radius, i.e. 

(34) 

and the spatial derivative is approximated via classical finite dif- 
ference as: 

(35) 

where D, a 50 x 50 banded matrix, is a centddifference, first- 
spatial derivative approximation operator. 

We consider that a continuous PSD measurement is such that 
the discretized measurement vector, z (r ) ,  contains a value for 
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each of the 50 states (radius sizes) at every time step. We again 
consider that the measured values are in the same units as the 
states; therefore, M is a 50 x 50 identity matrix. 

T . 0  a 
(dimensionless) 

5- - 

A Priori Estimate 

- In In 

+? 
0 
v) 

0, 

._ 

b T'0.10 
k3mensionles.s) 5- 

Measurement - 

6 I I I I 

T = 0.50 C 

0 0-2 0.4 0.6 0.8 
Radius, r (dimensionless) 

Figure 4. Partlcle slze distribution in fluidized bed. 
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Figure 4a shows the true initial state of the system and the Q 

priori estimate of it used for the optimal estimate initial condi- 
tions. The a priori estimate, shown as a mirror image of the true 
system state, is a deliberately poor initial estimate so that relative 
convergence rates can be compared. The parameter values and 
relations found in Table 1 are used in the computations for this ex- 
ample. 

In the example, we test relative filter convergence rate; we also 
test relative ability to track system dynamics. We do this by using 
a bad dynamic model in the filter derivations. The bad dynamic 
model is created in a very straightforward manner: the attrition 
rate causes the system dynamics in these examples because the 
feed PSD is the same as the initial bed PSD (see Table 1). Attrition 
(particle breakage) c a m  all particles to become smaller. Because 
we start initially with all large particles, the attrition causes the 
mode of the true distribution to travel from right to left across the 
domain of particle radius as viewed in Figure4. With a zero attri- 
tion rate, the bed PSD would not change. 

A bad model can be created by using a different attrition rate in 
the filtering algorithm than the one used in the model generating 
the noisy measurements. For the case pminted, we used a value 
of k = 0.25 for the attrition rate constant in the model used in 
deriving the filtering algorithms, and used a value of k = 0.75 in 
the model used to generate the noisy measurements. This differ- 
ence in attrition rate has a dramatic effect, with the filtering al- 
gorithm model substantially underestimating the true system dy- 
namics. 

We increase the rate of spatial decay for the spatial correlation 
in this example by defining the covariance weighting matrices as: 

Q(y,,yt,.r) = dQe-'"0l-l (364 

R d r a g ( ~ n , ~ n ,  7) = 4 (3W 

(364 po(yn,yk) = dpe-10.01y~-Y~l  

Note that again there is only one independent variable so that the 
variables d,, dR, and d p  are scalars, and that we do not consider 
spatial correlation in the measurements. To account for the very 
poor dynamic model and the very poor initial estimate, we as- 
signed the values d, = dp = 0.10. The measurements were con- 
sidered to be relatively good, so the value dn = 0.01 was assigned 
to reflect this. 

Figure 4 illustrates the behavior of the early-lumped and late- 
lumped optimal estimates as they converge toward the noisy mea- 
surements for dimensionless times T = 0.10 and T = 0.50, re- 
spectively. The noisy measurements shown in these figures are 
zero-mean distributed around the truestate (not shown), which is 
itself undergoing dynamics as the attrition of particles cause the 
distribution mode to shift. The values assigned to the covariance 
weighting variables, d,, dR, and d p ,  are very illustrative for the 
comparison of filter performance. Figure 4 illustrates that the 
late-lumped distributed filter is converging faster and tracking 
state dynamics better. Figure 5, illustrating the history of the sys- 
tem for particle radius r = 0.5, shows that the late-lumped filter 
performs better in estimating the true system state over all time 
for the conditions used. 

TABLE 1. VALUES AND RELATIONS USED IN EXAMPLE 2 

Parameter VdudRelation Units 

Feed rate Fo - 1.0 Masshime 
FeedPSD p d r )  = 40.0re-200r2 - 
Initial bed PSD Pb (7,70) - 40.0re-200.0r2 - 
Max. radius R,, - 1.0 - 
Bed weight w - 5.0 M S  

~ ~~ 
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Figure 5. History of fluidized bed for particle radlus r = 0.5. 

CONCLUDING REMARKS 

Early lumping results in spatially discrete covariance matrices 
that can be partitioned into diagonal form. The early-lumped 
filter approximation cannot directly account for the spatial noise 
correlation of distributed systems because it is the off-diagonal 
terms that provide the direct mathematical communication be- 
tween the discrete locations. The examples illustrate that the late- 
lumped distributed filter converges faster and tracks system dy- 
namics better than the early-lumped approximation filter. 
As stated previously, one very important advantage of using an 

early-lumped approximation is computation load. A filter is of no 
use for real-time application if the resulting algorithm cannot be 
solved on the process computer in real time. To illustrate the bur- 
den of computation for the late-lumped distributed algorithm, 
an algorithm that contains full covariance weighting matrices, 
consider the following: two 50 x 50 diagonal matrices can be 
multiplied together in just 50 multiplication operations, a 50 x 50 
diagonal matrix multiplied by a full 50 x 50 matrix requires 2,500 
multiplications, and two full 50 x 50 matrices multiplied together 
require 125,000 multiplications. When we consider that a filter- 
ing algorithm must be repeatedly solved over time, the computer 
burden considerations become significant. 

In general, a good programmer can expect to implement the 
early-lumped approximation filter at a minimum of half the com- 
putation load required for the late-lumped distributed filter. This 
was the computation reduction we achieved for the heated-bar 
example. For the fluidized bed particlesize distribution example, 
the early-lumped approximation filter was implemented at about 
one-tenth the computation load of the late-lumped distributed 
filter. This tremendous savings in computation load was achieved 
because the use of a central divided difference approximation for 
the first spatial derivative coincidentally caused the error covari- 
ance matrix, I: to remain diagonal throughout the early-lumped 
approximation simulation. Recognition of this when program- 
ming the simulation led to the tremendous computational sav- 
ings. 

NOTATION 

ai 
,A 

= weighting coefficient of basis function in Eq 1 
= well-posed linear spatial-differential operator 

A 
A 
B 

B 
D 

d p  

d, 
d, 
F,, 
F,  

= discrete approximation of J 
= matrix notation for A 
= second spatial derivative orthogonal collocation oper- 

- matrix notation for B 
= central-difference first-derivative matrix, defined in 

= numeric value of diagonal terms in P(t) 
= numeric value of diagonal terms in Q ( t )  
= numeric value of diagonal terms in R(t) - feed rate in second example, masskime 
= discharge rate in second example, massltime, defined 

ator 

Eq. 35 

in Eq. 27 
J = quadratic least-squares error criterion, defined in Eq. 7 
Jaug = augmented form of J, defined in Eq. 8 
k - attrition rate constant, Mime, defined in Eq. 26 
M = linear distributed modeling operator 
M = matrix notation for spatially discretized M 
N = number of discrete spatial locations and measure- 

p ,  - particle size distribution of feed in second example 
p ,  = particle size distribution of discharge in second exam- 

p ,  = particle size distribution of fluidized bed in second ex- 

Pb = matrix notation for spatially discretized p,] 
P = state error covariance matrix 
P = matrix notation for spatially discretized P 
Po = covariance matrix of q,, defined in Ey. 6 
Po = matrix notation for spatially discretized P,) 
P = first time-derivative of P 
P = matrix notation for spatially discretized P 
Q = covariance matrix of u, defined in Eq. 5a 
Q = matrix notation for spatially discretized Q 
r - any radius in the interval [O,R,,], dimensionless 
H = covariance matrix for u, defined in Eq. 5b 
R = matrix notation for spatially discretized R 
R,,, = maximum dimensionless radius 
t = any time in the interval [t,&] 
tu - initial time 
tr = final time 
u 

u 
v 

w 
x 
x, 
~0 
y,y’ - any spatial location in Q 
z 

ments 

ple 

ample 

= noise vector representing uncertainty in the state 

- matrix notation for spatially discretized u 
= noise vector representing uncertainity in the measure- 

= weight of fluidized bed (mass) - the n-dimensional system state 
= a priori estimate of system state at initial time 
= matrix notation for spatially discretized x,, 

- measured output, defined in Eq. 3b 
= matrix notation for spatially discretized z 

model 

ment model 

Greek Letters 

01 = dynamic model coefficient, defined in Eq. 30 
p = dynamic model coefficient, defined in Eq. 31 
6 = Dirac delta function 
y = dynamic model coefficient, defined in Ey. 32 
X = Lagrange multiplier function 

= first time-derivative of X 
Cl = bounded open set in Euclidean n-space 
q5 = dimensionless temperature used in first example 
CP = basis functions in solution approximation, defined in 

7 = dimensionless time used in both examples 
Eq. 1 
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x = optimalstateestimate 
x 
X 

- first time-derivative of x 
= matrix notation for spatially discretized x 
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